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1. Introduction

Harmonic map (HM) has been used to recover the Ernst formu-
lation of Einstein’s equations in general relativity [1-4], in which
the solution of Euler-Lagrange equations of the harmonic maps
could be obtained through solving the Laplace-Beltrami’s equation
and the geodesic equations [3]. From the viewpoint of physics, the
traditional theory of harmonic maps contains only the kinetic en-
ergy term. For a wider application of this method, the Lagrangian
of the traditional HM theory was supplemented with a potential
energy term by Duan [5]. This extended HM theory is helpful for
studying the travelling wave solutions of some types of nonlinear
partial differential equations. Recently, researchers discovered the
classical chaos showed a connection to quantum physics via en-
tanglement [6,7]. Here, we asked whether the extended HM the-
ory can recover the classical chaos questions even the Schrodinger
equation in quantum physics.

In classic physics, all physical processes are described by dif-
ferential equations. Over the last several decades, many nonlinear
ordinary differential equations possessing chaotic behaviours have
been discovered [8], including the nonlinear equation for anhar-
monic system in periodic fields [9] given by
d’x  dx

WJrk— — Bx + ax® = bCos(w't), (1)
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where k, o« and B are control parameters, and equation for a para-
metrically excited pendulum given by [10]

d*x
dt?
where k, o and B are control parameters. To date, the study of
chaotic behaviours using the space distribution of nonlinear par-
tial differential equations has been rare and is currently only in its
initial stage.

Here, we used the extended theory of HM, as the express
of the space distribution of nonlinear partial differential equa-
tions, derivate the classical chaos Eqs. (1) and (2). Considering the
chaotic behaviours connects to quantum mechanism via quantum
engagement [6,7], we further found the extended theory of HM
has the solution of the Schrédinger equation for a one-dimensional
harmonic oscillator. Considering the extended theory of HM has
solutions of the Einstein’s equations, classic chaotic solutions and
Schrodinger equation, suggesting the extended theory of HM may
function as a fundamental rule our universe of physics.

+ I<d + [t + BCos(w t)]Sin(x) = (2)

2. The extended theory of harmonic maps (HM)

The theory of HM [11-13] became an important branch of
mathematical physics decades ago and has been applied to a wide
variety of problems in mathematics and theoretical physics. In this
section, we re-introduce the formulation of the extended theory of
HM that has been reported by Duan [5].

Llet M and N be two Riemannian manifolds with local
coordinates x* (u=1,2,...,m) on M and local coordinates
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4 (A=1,2,...,
by

di? = gy, (x)dx*dy";
dL? = Gpp(P)dDAdDE;
respectively. A mapping

®: M - N
x > d®x)

n) on N. The metrics on M and N are denoted

dim(M) =

dim(N) =n 3)

is called an extended harmonic map if it satisfies the Euler—
Lagrange equation resulting from the variational principle §I =
using the action

I=y d”x\/g[—%g“”aucb"av DBGap(P) + V(CD)] (4)

where 9, = %, V(®) is the potential function of ®4, and V(&) =
V(P ®1, ... o").

It is obvious that the traditional HM corresponds to the case of
V(®) =0 in Eq. (4). It has been showed that, in two dimensional
case, the solutions of the Ernst equation in Einstein’s general rela-
tivity can be recovered from the Euler-Lagrange’s equations of tra-
ditional HM [3,14].

The conditions for a map to be harmonic are given by the
Euler-Lagrange equations

oL oL
W_aMWZO,AzLZ,...,n (5)
where
1
L= —58" 9, D3, D Gpp(®)VE+V(P)VE (6)

The Eq. (5) follows the notational conventions of Wald’'s equa-
tion [15]. This Eq. (5) appeared in the original paper of Duan (as
Eq. 2) [5].

By substituting (6) into (5), we can obtain the Euler-Lagrange
equations of extended HM given by

1, AV (D)
Ve 0B

where FQC are the Christoffels symbols on manifold N given by

1 [ 8Gw 3G 3G
A _ 1D BD co _ 9Gpc
Vie =3¢ |:8<I>C ML aqw]

In order to obtain a special type of solution of partial differen-
tial Eq. (7), Duan used his published approach [3], which could be
especial convenient to be used to study the solution of the partial
differential Eq. (7). In brief, in the case of ®4 (A=1,2,...,n) are
functions solely of the argument o, and o is a function of x* on
the manifold M:

By (V88" 0, D) + [0, PPI, P g + G =0, (7)

(8)

4 = P (0); 9)
o =0(X). (10)
The Eq. (7) can be written as following,
%gau(\/gguvav )adCD e 8g§1§)
+(g+rﬂcddi3 dd¢c>g“”8 09,0 = (11)

This important Eq. (11) appear in the original paper of Duan (as
Eq. 7) [5].

The solution, such as the solution of Sine-Gorden equation, and
the travelling wave solution can be found in certain cases of the
metrics and potential function in the extended Euler-Lagrange Eq.
(11).

If the function o = o (x) satisfies the Laplace-Beltrami equa-
tions

1

—d “a,o) =0, 12
Z50u (VB2 000) (12)
the Eq. (11) will take the form

d2 oA 4 dOB dOC 1 450V (D)

o7 gy Ge =77 Ger (13)
where

f=g"0, 00,0 (14)

is a scalar function on the manifold M.

Because f is not the function of ®4, a rescaling of V(®)
as V(@) = fU(P) re-expresses the Eq. (13) as
d? oA 4 dDB dOC a5 OU (D)
do? T Ky do T 0 aa

Eq. (15) can be represented as the geodesic equation of a par-

ticle on the Riemannian manifold N subjected to an external force
of

(15)

U (d)
RICLEN
This Eq. (15) will become equivalent to the usual geodesic
equations on the manifold N if the external force FA=
0(A=1,2,..., n). Eq. (15) is physical dynamical equation.

FA=—g* (16)

3. Chaotic solutions of the extended HM equations

If the chaos equation could be derivate from the Eq. (15) under
certain cases of metrics and potential function, the chaotical be-
haviour satisfied the extended HM equations. In order to evidence
whether the chaotic behaviours exist in the partial differential Eq.
(15), we simplified the case as that the M is the pseudo-Euclidean
space-time and N is a 2-dimensional manifold with coordinates
{®1, d2}. We suppose that ®! and &2 are functions of an argu-
ment o = o (x) = k,x* and further assume that ®2 = o, ie,

Ol = d(0); P> =0; 0 =k,x". (17)

Under this simplified case, the Eq. (15) can be expressed as

2
d>® Fh(dd)) 21! dd>+1,%2

do? do 2do
_<Gll BUE;IC)I::U) +G128U(aq;’o-)>; (18)
do do
Ff](da) +2F12d +T3
(Gzl augq;)a) Gzzaugq; a)). (19)

Eliminating the term (%)2 from the differential Eqs. (18) and
(19), we obtain
22 (TR (T4

4 [Gll 8U(8q; 0) e au(aq;’ o)

_11:%(021 8U(a<1;0) o aungy,o)ﬂ —o (20)

If the chaos equation can be derivate from these geodesical or-
dinary differential equations (20), the partial differential equation
(15) must contain the chaotic behaviours.
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By given the metrics on manifold N are diagonal and take the
following form:

G =e®%; G =0; Gy =0; Gy = (k—1)e®, (21)

where k is a constant.
The Christoffels symbols (8) on the 2-dimensional manifold are
calculated as following,

1 1 1
Fh:i; F}2=§§ Igz:*i(k*l);
1 1 1
> o 1 o 1
Fl] - z(k_—l)’ F12 2’ FZZ 2° (22)

The detailed procedures of calculation showed in the supple-
mentary information.

By substituting (21) and (22) into (20), the differential Eq.
(20) can be written as following,

+(e"’")|:8u(cb’a) U (®,0)

3% + o j| =0. (23)
We found, under following given potential function U(®, o),

ie.

3

1 1
_ o,®+0 | 3_ 2 2_ _
U(®,0)=ce [zoe@ 4ad> 4(2,3 3a)d

1 2b
+ §(2,B —3a) — e cos (wo’)

- w;"i 4 sin (a)a)], (24)

Substituting (24) into Eq. (23), we obtain

2
% + k% —BP +ad® =bcos(wo); o = kyxt (25)

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (25) with (1), ie, the equation of anhar-
monic system in a periodic field, we find that they are of the same
form. Since the Eq. (1) possesses chaotic states that are character-
ized by the existence of a strange attractor in the phase space,
this implies that Eq. (23) for ® = ®(o) should possess the same
chaotic profile.

By giving a new potential function U = U(®, 0), i.e.

U(d,0) = eq’*"{%a sin (@) — %a cos (®)
p

25 + 6w? + w*
—4wsin (wo') cos(P) + 2(w? + 5) cos (w0 ) sin (P)

+ [&(@? +3) sin (o) sin (P)

+(w? - 5) cos (wa) cos (CID)] } (26)

in which, & and B are constants, the Eq. (23) become following,

2
% + kg + [a + B cos (wo)]sin (P) =0; o =k x* (27)

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (27) with (2), i.e., the nonlinear equation of a
parametrically excited damped pendulum, we find that they are of
the same form. Since the Eq. (2) possesses chaotic states that are
characterized by the existence of a strange attractor in the phase
space, this implies that Eq. (27) for ®(o) should possess the same
chaotic profile.

4. Quantum mechanism solutions of the extended HM
equations

The extended equation of HM contains the chaotic solution,
which recently found with connection to quantum physics via
entanglement [1,2]. It would be interested to test whether the
Schrodinger equation in quantum physics can be derived. As a
simple case, we studied the Schrodinger equation for a one-
dimensional harmonic oscillator as below,

2
‘%’ - —ZFI—T(E _ %sz)\ll(x), (28)
where W(x) is the wave function, E is the total energy (constant),
and K is the force constant (the force on the mass being F = —Kx,
proportional to the displacement x and directed towards the origin.

By given the metrics on manifold N are diagonal and take the
following form:

Gn =e®%; G =0; Gy =0; Gp = —e®*, (29)

This Eq. (29) is a special case of Eq. (21), i.e. k= 0. Thus, the
differential Eq. (20) can be written as following,

2
e e )

By given the potential function U(®, o) as following, i.e.

_Lbte | T 2_ M 2 M
U@,0)=¢e [ ZhZKCDa 4h2KU 2h2Kq)a

m m /3
Ko + ﬁ(ZK—Eﬂ, (31)

whereE, K, m, h are the constants,
Substituting (31) into Eq. (30), we obtain

2
%I; - —ZTTT<E _ %I(Uz)d)(a), (32)

The detailed procedures of calculation showed in the supple-
mentary information.

Comparing the Eq. (32) with Eq. (28), we find that they are
of the same form when ®(o) =WV (x) and o =x. Since the Eq.
(28) is one of typical equation of Schrodinger equation in quan-
tum physics, this implies that the Eq. (15) contains the Schrodinger
equation in quantum physics.

Since the extended HM (when the potential function V(®) =0
in the Eq. (4)) can be recovered the Einstein’s equations in gen-
eral relativity [14], and the same theory can also recover the
Schrodinger equation in quantum physics, we propose here the ex-
tended equation of HM as a single and universal theory for our
universe.

2m
+ 35 E-K)® -
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For two dimensional: ®! = ®(0); ®2 = ¢, the equation (20) is as below

2 . g\ do . Thl% 1, 0U(D,0) L 0U(D,0) T
_2 + 2 F].Z - 2 d_ + 22 - 2 + G - S - + G - ~
do I o I

0P do T4

Metric:
G171 = e®to; G1,=0; G =0; Gypp=(k~— 1)e¢+a
Gll — e—CD—cT . GlZ =0: GZl =0: GZZ — 1 e—d)—O'
) ) ) k _ 1
Christoffels symbols:
aG aG G
rfe = Sa 015 + Sep - 90ag

,1 0U(®,0)

0P

1 aG aG aG 1 aG aG aG 1 aG aG
Flll — EGlD 1D 1D _ 11] _ _Gll 11 + 11 _ 11 + _G12 12 12

adl ' gdl  godP| 2 dd 9D D 2 > 9D

do

1279 b2 gpl  9dP] 2 do b 0] 2 do oD

do

2 aq>2+aq>2_ac1>D] 2% 136 T30 "0 t2¢ [ +

o 0) [ (k _ 1)e(b+0']

= 1k 1

do do

do

6611] _

aalz] B

]z_

lGl

2

lGl

2

1
2

5, 0U(®,0)

11| _

|

|

do

P

a9

|

J=o

_1 o a(e<1>+a)
_E(e P )[—

0P

9G] 1. _o . [9(e®*7)
2 IO >[—

do

|
|



rz — 1 2p [0Gip | 0Gip _ aG11] _ 1 1[0G11 | 0G4 _ 0G4
17> odl 9Pl gdP] 2 obd b 0D
— 1( —d> 0) a(e¢+a) -
2 Z(k -1)
rz — EGZD dGyp | 0Gyp _ aG12] :1 1[9G11 | 0Gy, aG12
1279 b2 gl 9pP| T 2 ob b 9D
_1 ( 1 ~o-0y [0[(k — 1)e®*9] _1
2k _ EI) 2
2 le 0Gop | 9Gyp  9Gyp) _ 1 - 0G1 | 0Gy;  0Gy
2279 Ad2 b2 9dP| 2 do do 0D
1 1 [[(k — 1)e®+c 1
_1 e~ [( ) INl_1
2 k—1 do 2

The equation (20) can be calculated as

d’o I dCD T2 oU(®d,0)
+2| T ———= L —— 22| 4+dglt— =~ 4 g12
da? < 127z do T\ 27 T4 0P
d’o Thil%) do LT U (d,0)
+2( Tk +( 0 - + [V ————
do? < 2712 Jdo T\ ® T} [ oD
in which,
Lo 1.1
ri Lo\ 1 2% +(k—1)_k
2oz )72 1 T2 2 2
2(k —1)
Mk 2'7 (=D (k-1
I3, — =—=k-1) - =—
(=) = -0 0 -2 2 2

=0

1622 0Gy; 06y _ 6611] _ 1G22 [_ 6611]
2 oD f3Lo) do 2 do
2 a0 a0 do 2 [
22 _ — _ (22
G [ do * do do ] ZG do ]
oUu(d, a) F11) e 6U(<I> o) 5, 0U(®,0) _
do F121 do
U (d,0)
G22 —
) B y—



o 5 1
3 I i w

2(k—1) k-1
Therefore,
d*’¢® kdo oU(®,0) oU(®,0).
Tt 2 H 0+ (G = = [k - D] ———} =
d*’®  dd oU(®, o) oU(d,0).
W+kd—+[all—a¢ +(k—1)622—aa 1=
d?o oU(d,
o7t [( oy D 4 (k- ooy 0 ")]=
d*o . aU(q> o) 5 0U(®,0)
d0z T [( TP ———+ (e )—]=
dZ

daz d (97 [aU(CD o) N oU(®, a)] _

Potential function:
For case I: the equation of anharmonic system in a periodic field

U(D,0) =e®te [%aclﬁ —3a

Let: U(®, 0) = e®*7 u(d,0)

]



aU(®d,0) oto ou(®, o)
e " °© u((l>,0)+—acb
oo )1 ®3 3 ®? 1( 3 )CI>+1< 3 ) 2b (wo) wb in(wo)
=e za 4a > B Za 2 B za w2+4cos wo w2+4sm wo
1 3 1 3 1 3 2b wb .
6[§a¢3—1a¢2—E(ﬁ—za)¢+z(ﬁ—§a)—wz—Hcos(wa)—wz—Hsm(wa)]
* 90
1 3 1 3 1 3 2b wb
— ,P+to ) CD3—— CI)Z——( _ - )CD _( _ - )_ _ :
e {za i > B Tk +4 B Tk w2+4cos(wa) w2+4sm(wa)
+[gae - o0 -3(s-34)]
TR L Ui L
oio (! .5 3 3 1 3 3 1 3 1 3 2b
=7 a0 =002 +500% — o (f~5a) 0 —a + 4 (B~ 5a) 5 (- 5@) ~ g costwn)
wb in )}_ ¢+G{1 cI>3+3 ©? 1( +3 )q: 1( 3 ) (o) in( )}
2_|_451n wo)i=e 2a 40{ > B 2a 7 B 2a w2+4cos wo w2+4sm wo



aU(d,0)

do

= ePto [u((b, o) +

ou(o, 0)]

oo )1 ®3 3 ®? 1( 3 )CI>+1< 3 ) 2b (wo) W in(wo)
=e za 4a > B Za 2 B za w2+4cos wo w2+4sm wo
1 3 1 3 1 3 2b wb .
+6[§a¢3—Ia¢2—§(ﬁ—7a)¢+z(ﬁ—§a)—wz—Hcos(wa)—wz—Hsm(wa)]
do
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2 4 2 2 4 2 w? +4 w? + 4
2 wb
.\ 6[— CL)Z_|_4cos(wa) 2+4sm(wa)]
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o+ )1 ®3 3 ®? 1([3 3 )CD+1([3 3) 2b (o) wb in(wo)
=e —a®’ ——adP* —=(f —z« —|B —za) ————cos(wog) — ———sin(wa
2 4 2 2 4 2 w?+4 w?+4
2b
~ 6[w2+4cos(wa)] +6[ 2+451n(w0)]
do do
oo |1 ®3 3 ®? 1( 3 )q)+1( 3 ) 2b (o) wb in(wo)
=e 54 2 5 B > a 4,8 > a C02_|_4cosa)a w2+4smwa
2bw bw?
- |- 2_}_451n(w0)+w2_|_4cos(a)a)
oo |1 5 3 1 3 1 3 2b 1)
=7 15a0? — a0 =5 (= ga) @4y (8- 5a) - eoson) - g

in(wo) + 2bw
sin(wo) +—5—



bw? (o) = e+ 1d>33d>2 1( 3)d>+< )b2+(u2 (o) + bw in(wo)
2 +4cos wo) ¢ = Za 4a B a B a (w2 +4) cos(wo 2 +4sm wo
Therefore,
o N
d*o dd) o aU(q> ) oU(D,0)
doz HRge te) * -
d’¢  do 1 3 1 3 1 3
- @ :
a0 g+ (e {z““"”+Z“q’2‘z(“za)q"z(ﬁ‘z“)‘wz+4C°S<w">‘w2+4S‘“<‘“")}]
+ [e®to 1aCI>3—§0(d> ——(ﬂ—Ea)¢+ (B——a) b( )cos(wa)+ @ sin(wo)¢]} =0
2 4 2+4 2+ 4
d?o a 1 . 3 . 1 3 1 3 2b wb 1 . 3 1 3
Wﬁ'ka‘l‘[zaq) +ZCZCD —E(ﬂ+—a>cb——(ﬂ—Z(X>—w2—+4COS(0)O')—w2—HSII’1(a)O')]+[E(Zq) —Z(ZCD —E<,8—Ea)<b
+1( 3)b2+ ()+ ) n(wo)] = 0
2 B Tk ( 2+4)COS wo +4smwa]—
d?o kdd) 1 CD3+1 q)3+3 ©? 3 ®? 1( +3 )d) 1( 3 )CD 1( 3 )+1( 3 ) 2b (o)
do? Thge e et gadt mgadtmafga)b o\ m39) 2B mga)t g\ —39) ~ g cosled
2+ w? w _ bw
— b(w2 n 4) cos(wa) — a)z n 4sm(a)0) + wz—Hsm(wa) =0
d*® deD+ 3 (2 Yo 4b + bw (o) = 0
107 a B 712 cos(wo) =
d*e do 5
W+ka+a¢ — LD — bcos(wa) =0
d*e do 5
To7 + k5+ a®> — P = b cos(wa)



For case II: the nonlinear equation of a parametrically excited damped pendulum

u(®d,0) = %a sin(®) — %acos(dD)
B

+ 25 + 6w? + w*

— 4w sin(wo) cos(P) + 2(w? + 5) cos(wao) sin(®) + (w? — 5) cos(wa) cos(P)]

[w(w? + 3) sin(wo) sin(P)



ou(®, o)
ao

aU(d,0) _

d+o
30 e [u((b, o) +

2 1
= e®to = sin(®) — gacos(tb)

B

ST I [w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]

+

6(%0( sin(®) — %acos((b) + w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wa) sin(P) + (w? — 5) cos(wa) cos(P)])

0P

B
n 25 + 6w? + w?

oo |2 1
=ePto gasm(cb)—gacos(cb)

B
+—
25 + 6w? + w*

0 (%a sin(cb)) 0 (— % acos(cb))
+

[w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]

+

od od
B d([w(w? + 3) sin(wo) sin(P) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)])
+
25+ 6w? + w* od

2 1
= e%to =@ sin(®) — gacos(cb)

B

+ T el T ot [w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]



d (%a sin((b)) N d (_%QCOS(‘D)) B d([w(w? + 3) sin(wo) sin(P)]) 3 d([4w sin(wo) cos(P)])

+ P P * 25 + 6w? + w* a9 a9

9(2(w? + 5) cos(wo) sin(@))  I((w? — 5) cos(wa) cos(P))
+ 0P + 0P ]

2 1
= e®to =@ sin(®) — gacos(cb)

B

t 5T 6wzt of (@ + ) sin(wo)sin(®)

— 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)] + %a cos(®P) + éasin(cb)

B

2 . . . 2
+ I [w(w?* + 3) sin(wao) cos(P) + 4w sin(wa) sin(P) + 2(w* + 5) cos(wa) cos(P)

— (w? — 5) cos(wa) sin(P)]

oes |2 1 2 1
= e |Zasin(®) - z acos(®) + Zacos(®) + asin(®)

B
+—
25 + 6w? + w*

— 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wo) cos(P) + w(w? + 3) sin(wo) cos(P)

[w(w? + 3) sin(wo) sin(P)

+ 4w sin(wo) sin(®) + 2(w? + 5) cos(wo) cos(P) — (w? — 5) cos(wo) sin(P)]

3 1
= ePte £ sin(®) + £« cos(®)

B
+—
25 + 6w? + w*

— 4w sin(wo) cos(®) + w(w? + 3) sin(wo) cos(P)

[w(w? + 3) sin(wo) sin(®) + 4w sin(wo) sin(P)



+ 2(w? + 5) cos(wo) sin(®) — (w? — 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P) + 2(w? + 5) cos(wa) cos(P)]

3 1
= e®+o £ sin(®) + £ cos(®) + m [((w3 + 7w)sin(wo)sin(®) + (w3 — w)sin(wo)cos(P)

+ (w? + 15)cos(wo)sin(®) + (3w? + 5)cos(w0)cos(<b)]]



aU(d,0) _
do -

ed>+0 [u((b, O') +6u(<b, 0) —

2 1
= e®to lga sin(®) — gacos(tb)

B

+ T el T ot [w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]

6(%0( sin(®) — %acos((b) + w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wa) sin(P) + (w? — 5) cos(wa) cos(P)])

do

B
n 25 + 6w? + w?

oo |2 1
=ePto gasm(cb)—gacos(cb)

B
+—
25 + 6w? + w*

N 0 (%a sin(cb)) N 0 (—%acos(cb))

[w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]

do do
B d([w(w? + 3) sin(wo) sin(P) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)])
+ 25+ 6w? + w* do

2 1
= e%to =@ sin(®) — gacos(cb)

B

+ T el T ot [w(w? + 3) sin(wo) sin(®) — 4w sin(wo) cos(P) + 2(w? + 5) cos(wo) sin(P) + (w? — 5) cos(wa) cos(P)]



d (%a sin((b)) N d (_%QCOS(‘D)) B d([w(w? + 3) sin(wo) sin(P)]) 3 d([4w sin(wo) cos(P)])

+ do do + 25 + 6w? + w* do do

9(2(w? + 5) cos(wo) sin(@))  I((w? — 5) cos(wa) cos(P))
+ + ]
do do

2 1
= ePte =@ sin(®) + gacos(d))

B
25 + 6w? + w*

— 4w sin(wo) cos(P) + 2(w? + 5) cos(we) sin(P) + (w? — 5) cos(wa) cos(P)]

B
+—
25 + 6w? + w*

[w(w? + 3) sin(wo) sin(P)

[w(w? + 3)wcos(wa)sin(P) — 4w?cos(wa)cos(P) — 2(w? + 5)wsin(wo) [ in(P)

—(w? - S)wsin(wa)cos(q))]]

5

B
+25+6w2+w4’

oo |2 1
=e®te [—a sin(®) — gacos(cb)
[[-2(w? + 5) + (w? + 3)]wsin(wo)sin(P) — (w? — Vwsin(wa)cos(P)

+ [w?(w? + 3) + 2(w? + 5)]cos(wo)sin(P) — (3w? + 5)cos(wo)cos(P)]

2 1
=e%to =@ sin(®) — gacos(cb)

B

+ T el T of [—(w? + 7)wsin(wo)sin(®) — (w? — Dwsin(wo)cos(P) + [w* + 5w? + 10]cos(wao)sin(P)

— (Bw? + 5)cos(wa)cos(P)]




Thus,

d*o Tk do (o0 (0U(®,0)  U(P,0)] _

PR RG] ac |

dzd) do —-b-0 d+o 3 ; 1 'B 3 ; ; 3 ;

) + k% + (e )]e [ga sin(®) + ga cos(®) + T 6l Tt ot [(w® + 7w)sin(wa)sin(P) + (w° — w)sin(wo)cos(P)

+ (w? + 15)cos(wo)sin(®) + (3w? + 5)cos(a)a)cos(<b)]]

d+o z 1 _ 1
+e = sin(®) z acos(P)

B

+ T el T ot [—(w? + 7)wsin(wo)sin(®) — (w? — Dwsin(wo)cos(P) + [w* + 5w? + 10]cos(wa)sin(P)

— (Bw? + 5)cos(wa)cos(P)]|| =0

quZ)+kdq)+ 3 g si P +1 (P)
157 T 5ozsm() T @ COS

+ ﬁ [(w? + 7w)sin(wo)sin(®) + (w3 — w)sin(wo)cos(P) + (w? + 15)cos(wo)sin(P)
+ (Bw? + 5)cos(wao)cos(P)] + ga sin(®) — %acos(cb)

B

+ T el T ot [—(w? + 7wsin(wo)sin(®) — (w? — Dwsin(wo)cos(P) + [w* + 5w? + 10]cos(wa)sin(P)

— (Bw? + 5)cos(wa)cos(P)]| =0



d?o

do?

B
25 + 6w? + w?

— (w? — Dowsin(wo)cos(P) + [w* + 5w? + 10]cos(wo)sin(P) — (3w? + 5)cos(wo)cos(P) + (w3 + 7w)sin(wo)sin(P)

dd 13 1 2 1
+k o + [g asin(®) + T cos(®) + i sin(®) — 3 acos(P) + [—(w? + 7wsin(wo)sin(P)

+ (w? — w)sin(wa)cos(®) + (w? + 15)cos(wo)sin(®) + (3w? + 5)cos(wa)cos(P)]| = 0

B
25 + 6w? + w*

— (Bw? + 5)cos(wa)cos(P) + (w3 + 7w)sin(wo)sin(®) + (w3 — w)sin(wo)cos(P) + (w? + 15)cos(wo)sin(P)

d*’®  do _
+k—=+ [a sin(®) +

Pl To [—(w? + 7wsin(wo)sin(P) — (w? — Dwsin(wo)cos(P) + [w* + 50? + 10]clIs(wo)sin(P)

+ (Bw? + 5)cos(wo)cos(P) + éa sin(®) — %acos(db)] =0

B
25 + 6w? + w*

+ (w3 — w)sin(wo)cos(P) + [w* + 5w? + 10]cos(wo)sin(P) + (w? + 15)cos(wa)sin(P) — (3w? + 5)cos(wa)cos(P)

d*’¢  dd _
+k 82y [a sin(®) +

Pl To [—(w? + 7)wsin(wo)sin(®) + (w3 + 7w)sin(wa)sin(®) — (w? — Vwsin(wao)cos(P)

+ Bw? + 5)cos(wa)cos(cl>)]] =0

d?e do . , , , . ,
—thk_—+ [a sin(®) + 25+652+w4 [—(w? + 7wsin(wo)sin(®) + (w3 + 7w)sin(wo)sin(®) — (w? — Vwsin(wo)cos(P) + (w3 —

w)sin(wo)os(®) + [w* + 5w? + 10]cos(wo)sin(P) + (w? + 15)cos(wa)sin(®) — (3w? + 5)cos(wa)cos(P) +

(Bw? + S)COS(O)O')COS((D)]]:O

d2¢+k q)+[ in(®) + p 4+ 50w?% + 10+w? + 15)colI( )'(cb)]—o
707 I a sin T T et T " [(w W W Yeoll(wo)sin =
d?o B

do
+k—+ [a sin(®) +

4 2 ; _
157 T [(w* + 6w” + 25)cos(a)a)sm(cb)] =0

25 + 6w? + w*
d?e do . . _
ppcis k —ta sin(®) + fcos(wo)sin(P)=0

d2¢)+kd¢+ + (wo)]sin(®) =0
707 I [a + B cos(wa)] sin =



For case I1II: the equation of anharmonic system in a periodic field

d*o oU(®,0) dU(D,0)
_¢_o- ) ) —
ozt T T
U(d,0) =e®t? [— Kdo? — - ko2 ——KCI>0+2 (E—-K)D - Ka+—( K —E)]
’ 2h? 4h? 2h? h? 2h?

U(d,0) =e®to [— Kdg? +—a +—K<Da+ (ZE —lK)qD—iKa+i(§K—E)]
A 2h?2 4h2 2h?2 2h?2 2 2h?2 2h2 4



0U(®,0) _ o+s ko + Ko? + Kdo + m (ZE 1K)CD Ko + K—E
a0 ¢ ~opz Ko 4h2 o* 2h2 7 n2 2 202 ¢ 2h2( )
1
a[ thKtb +4h2K0 +2h2K¢0+2h2(2E 7K)cl: thK +2h2(4K—E)]
o
m /3 0 [~ o1z KPo?] 6[—21(0]
—e®o J_ " ko2 4 gz 4 ko E—K)b- Ko ( K—E) 2h 4h
€ onz KPo* + g Ko + 503 “+ ( N TR + o
m 1 m m 3
,Olgk@o] ol4g5 (28 -3K) 0] o|-ggKe] ol+zpGK-B] _
o b b b
—‘1’+0{ —Kdo? + K + ch +m(2E 11()(13 K+m(3K E) mK2+mK
-e T2 K% 4 g Ko® + 55 Ko + o0 2 202 0 T onz 2020 TR0
m (25 11()
toz\“E T3 }
—¢+0{ M kdo? + g ™ Ko? + L K +m(2E 1K)CI> Ko + K+m(3K E)
-¢ Tz K" 4 g Ko® — e Kot + o Kdo + s 2 202 0 TRz 0 T o2
<2E 11()} ¢+ff{ __K® Ko? + - Kdbo + — (ZE 1K)<D+ m (1K+E)}
Ty 2 72 K®o* 4h2 o? 2h2 T 2 2h?



0U(®,0) _ o+s ™ kdo? + Ko? + Ko + — (ZE 1K)CD K + K—E
a0 ° ~opz Ko 4h2 o* 2h2 7 n2 2 202 ¢ ( )
a[ K02 + 725 Ko? + ooz Ko + oo (2F — 1K)cl: Ko+ — (& K—E)]
202 4h2 2h2 2nZ 2 2hZ hz )
do
o[- Kpg?
—e®0 ) kg2 4 T Ko? 4 Ko 4 e <2E—1K><b Ka+—(—K E) + — 21
2h? 4nZ 2h? 2h2 2 2h2 2h2 ‘4 90
m 1
+a[4h2K“ | ol5pzKo] a[ﬁ(ZE‘iK)‘DLa[ 2h2K”]+6[2h2 (4K‘E)]
do do do do do
et 1" o2 + ko2 4 Kpg 4 —n (ZE 1K)CI> M o+ CKk—E mK¢a[02]+ m o7l
-° onz KPO* + gz Ko + o5 Ko + o 2 2otz (g T 90 " 4nz" ao
m el gm0l
202 9o 202 9o
—¢+0{ " Kdo? + - Ko? + - K +m(2E 1K>CI> Ko + K—E ch+ ™ Ko+ — Ko
€ oz K®0* + 3z Ko + o Kdo + o, 2 202 ¢ 2h2( ) TT n2 "0 T on2
2h?
- ¢+ff{ M KDo? + - Ko? + - Kb — 2 Ko + m(ZE 1K)<I>+ Kb — — Ko + Ko + K—E
€ SRz KP0% + 7 Ko + 5 Ko — 15 Ko + o0 2 2h? 202 0 TRzl 2h2( )
—ﬂk}—ed’“’{ T Kdbo? + - Ko? — - Kdo + —— (2E+1K)CD—1(—K+E)}
2h2 ) 2h2 4h2 2h2 2h2 2 2h2 “4

dZCD R
daz )

BU(CD o) N oU(®, O')] 3



d*o ® ® m , m , . m m 1 m /1
—— t (e” _")[e +o {——cho - Ko +—K¢a+—(2E——K>¢+—(ZK+E>}

do 2h2 4h2 2h?2 2h2 2 2h2
+e®to {—11@02 + o Ko? — o Ko + 1<2E + 1K) P - 1(EK + E)}] =0
2h2 4h2 2h?2 2h?2 2 2h2 4 N

d2¢+[ qu>2 mK2+qu> +m(2E 1K><I>+m(1K+E) mK<b2+mK2 chb +m<2E+1K)cb
do? 2020 Tzt Tzt T oz 2 2h2 \4 202 0 Tzt Tzt T opz 2
m 1
~GK B =0
@ [ chDZ qu>2 mK2+mK2+qu> qu> +m(2E 1K)d>+m(2E+1K)CD+m(1K+E)
do? 20200 TRzt 0 T anz 0 Tapz 0 T oz U0 T oz MO T op2 2 2h2 2 2h2 \4
m 1
~GK+ B [=0
d2¢+_ chb2+m<2E 1K+2E+1K)CD]—O
do? | 2" "% Ton? 2 2 =
d’d 1 m ,  2m
W-F_—ﬁKCDO' +h—2ECD]=0
d?d m , . 2m
W-}_ [—EKCDO' +h—2ECD] =0
d2¢+2m 1K<D2+ECD]—O
do? " mz| 2°°° =
d*® 2m 1,
o7 T 37 [YE 3 Ko? @ =0



d2¢__2_m 1 2
= (E—3Ka?) (),
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